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TFY4250 Atom- og molekylfysikk og
FY2045 Innfgring i kvantemekanikk

Oppgave 1

a. With H=K+V = —%88—; + V(z), we can write Schrodinger’s time-independent
equation on the form

0% (x)

B d*y/dz*  2m
2m  Ox?

» = ?[V(ﬂﬁ) - L.

=[E —V(x)]y(x) that is,

(i) In classically allowed regions (where E > V(z)), we see that the curvature d?y/dz? is
negative when v is positive (and vice versa). This means that ¢ must curve towards the
r-axis. Examples:
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(ii) In classically forbidden regions (where E < V' (z)), the curvature has the same sign as
. 1 then will curve away from the axis. Examples:
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For one-dimensional potentials V' (z) the energy levels are non-degenerate, with only one
eigenstate 1, () for each energy level E,,. (The degeneracy is g, = 1.) When the potential
is symmetric (with respect to the origin x = 0), the parity operatotor will commute with
the Hamiltonian, and it is possible to show that 1), is also an eigenfunction of the parity
operator, with parity +1 (¢,, symmetric) or —1 (1, antisymmetric). One also finds that
the ground state is symmetric, the first excited state is antisymmetric, the second excited
state is symmetric, and so on.

b. For x > a, the time-independent Schrédinger equation,

2m 2m

v = 25V (2) - Bl = 23 (Vo — EYY = #%,

o
has the general solution

P(z) =Ce ™™ + Det.

Since the last term diverges in the limit x — co, we have to choose D =0 to get an
acceptable solution. Thus,

Y(z)=Ce "™ for  z>a, with w=—y2m(Vh—E), qed.

SURS
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The penetration depth may be defined as the depth at which |¢|? is reduced by a factor
1/e:

7Iilp.d_ ’2 1

1
eSS lp.d, = —.
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c. When the number N of bound states is large (>> 1), the energies F; and FEs of the
ground state and the first excited state will be much smaller than Vj. Therefore,

1 1
Ri =g 2m(V0—EZ-)%ﬁ 2mVy fori=1,2.

Since 8mVpa?/h* ~ n?N?, we find that

lpa 1 h? 1
a 2K,;a 8mVpa? 7wN ’

showing that the penetration depths for ¢; and vy are almost equal and much smaller
than a.
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Inside the well, the two solutions behave as 7 = Ajcoskiz and 1y = Aysinkox.
Since the penetration depths are small, we see from the figure that k;-2a ~7 and
ko - 2a =~ 2mw. Thus the energies are only a little bit lower than the corresponding energies
for a box with width 2a:
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d. When b is small compared to [, 4., we have
by b b

R;—= = 2/{7;*

<1, i=12
2 1 0. » =D

Then the solutions for the region —%b <z < %b ,
) = Bi(e™* 4+ 7M7) and 1)y = By(e™* — e,

will not curve very much over the interval —%b <z < %b, even less than shown in the
figure, which exaggerates the effect:
t
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We then understand that the wave number k; and hence the energy E; will be slightly
larger than for the case b= 0. We also see that ky and Es will be slightly smaller than
for b=0.

e. When b is large compared to [, 4, on the other hand, the two wave functions are
strongly suppressed in the barrier region in the middle, and 1, and )5 in the well regions
are very similar to the ground state for an isolated well of width a:
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Here, we see that the two wave numbers are almost equal, both being approximately equal
to ko for the case b= 0. Thus the two energy levels are almost degenerate, E; of course
being slightly smaller than Fs:

242
> mh
Eyx~ E = .
? " 2ma?
Oppgave 2
a. From the formula for the current density we find for region III (z > L):
e Bodo hk
j[[] =Re t*€_1kx,77t€dm = — |t’2
im dx m

Similarly, with 1; = exp(ikx) alone, or 1, = rexp(—ikz) alone, we would find

=" wd =g
m m

respectively. With ¢ = exp(ikz) + rexp(—ikz), we find

ji = Re [(e—ikm + T*eikx) 7;‘: (eikm . Te—ikx)]

_ @ ll o |7“|2 + Re (T*€2ikm B Te—zz‘kz)]
m

- ]Z +jr7 q'e'd'7

since the underbraced quantity is purely imaginary.

b. For a stationary state, the probability current density (and the probability density)
are time-independent. Then there can be no accumulation of probability anywhere, and
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since we are here dealing with a one-dimensional problem, the current density has to be
constant, not only in time but also along the z-direction. Thus

Jr = Jrr = Jjrir-

This means that j; = —j,. + jrrr = |jr| + Jrrr-  Our interpretation is that the incoming
probability current is divided into a reflected current and a transmitted current, and that
the transmission and reflection probabilities are

T e s R
Ji Ji

respectively.

c. With
k? =2mE/h*, ¢* =2m(E—-Vy)/h* and k*—¢* =2m(E — E +V,)/h* = 2mVy/h?,

we have
. WQ B 4/{32(]2 B 4/{:2q2
B - 4k2q2cos? qL + (k2 + ¢2)2sin® gL 4k2¢% + (k2 — ¢2)2sin’ gL
AB(E - V)
= 5y g-ed
AE(E — Vo) + Vi sin ¢L
In the limit E/|Vy| — oo, we have
i 1
r= E/|l‘}(JI|ILoo Vi 102 =1
1+ TE(E vy S qL

in accordance with classical mechanics (which states that transmission takes place when-
ever ' > Vj). For finite values of E/Vy (> 1), we see that the transmission probability
T is smaller than 1, contrary to the classical result. However, there are exceptions: For
values of E and V{ such that

L
qL:ﬁ\/Zm(E—VO):mT, n=12---,

we get complete transmission also quantum mechanically. Since ¢ = 27/\;;, we see
that T equals 1 whenever the width L of the barrier or well is an integer multiple of %/\ I,
where A;; is the wavelength in region II. (We are here supposing that £ > 1}.)

d. With a=27ray and k=~ m/a=1/2a9, we have an energy that is smaller than the
height Vj of the barrier,

R R Bh2R?

~ 0= =7 >5-
2m,  8mea} 8mea3

E

In the formula for 7" we must then replace ¢ by ¢k, where

R R a

\/2m6V0 om.E 1
/ﬁ;:
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With sin? gL = [sin(ixL)]?> = —sinh?*(kL), we then have a (tunneling) transmission prob-
ability

B A4E(Vy — F)

" 4E(Vy— E) + V2sinh?(kL)’

Since kL = i -bag = 5 is rather large, we have approximately

1 1
sinh?®(kL) ~ Z(e“L R Ze%L >> 1.

This means that the second term in the denominator is much larger than the first one.

Thus
T ~ 16E(% - E) 6—2L/@

Z |
which is much smaller than 1. With E/V; =1/5 we find
64
T = ?56_10 =116 x 107,

To estimate the “lifetime” 7, we must find the semiclassical velocity and collision
frequency of the particle. The velocity is of typical “atomic” size:

2

e h e c
v /m 2meay  Ameghc 2 29¢

This gives a collision frequency

v ac
V= — —
2a  8mag

=1.65 x 10",
and a time 1
t; = — =6.07 x 10715
14

between each collision. The probability to find the particle “still in jail” at time ¢ then is
(1 —T)!*. This means that the “lifetime” 7 is given by

t
1-TyM=1/e = 7= % = 5.22 x 1072,

Oppgave 3

a. The existence of a simultaneous set of eigenfunctions of a set of operators requires
that the operators commute among themselves. In the present case we have for example:

A1 =0=[H,1,]=[L" L]

The “magnetic” quantum number m; is restricted to the values 0,41,42,...,£[. This
means that there are 2/ 4+ 1 spherical harmonics for a given value of the quantum number
[.

The magnetic quantum number m; does not enter the radial equation, which deter-
mines the energies. Therefore, the energy eigenvalues (F,;) in this problem can be charac-
terized by the quantum numbers n and [, and each of these levels will have a degeneracy
2l + 1, which is typical for a spherically symmetric potential.
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Since the wave function 1) must be zero for r > a, where the potential is infinite, we
must have wu,(a) =0 to get a continuous wave function, just as for the one-dimensional
box.

Using the normalized spherical harmonics, we have from the normalization condition:

1 :/y¢nlml|2d3r :/|ygm|2d9 /G[Rnl(r)]r2dr _ 1-/a[unl(r)]2d7“, qed.,
0 0

when we work with real radial functions.

b. We see that the radial equation has “one-dimensional form”, and for [ =0 we have

d*u 2mE ) Rk
72 = U k%w,  wit o

that is, an ordinary box of width a. The general solution is

and u(0) =u(a) =0,

u = Asinkr + B coskr,

where the condition u(0) =0 gives B =0, and the condition u(a) =0 gives ka = nm,
or kno=nn/a, with n=1,23,---. We get a normalized solution ([;[t,o(r)]?dr = 1)
by choosing A = ,/2/a. The energies and the complete solutions for the s-waves then
are

k%, him n 1 si
W= 2T = n?Ey and o = —0 Yoo = sin{nmr/a)

E., = —
0 2m 2ma? r ora r

,n=12

c. The figure shows the effective potential, which in this case consists only of the cen-
trifugal barrier A*l(l 4+ 1)/2mr?  for =1 and [=2.

= Mé"): 7%l 1)

ZmAi®

(2

£=0

We note that the centrifugal barrier is proportional to (I 4+ 1) and makes the well more
shallow and also more narrow for increasing [. Based on this we must expect that the
energies for a given number n of nodes increase in the order of increasing I:

EnO <FE i< Ep<---.
We also expect the energy to increase when the number of nodes increases for a fixed I:
Fi < By < B3 <+,

as we have already verified for the s-waves. This is because an increasing number of nodes
means increasing curvature and increasing kinetic energy.

From this kind of reasoning, we expect the ground state to be an s-wave, with no zeros
except those for =0 and r =a, that is, ¢qp.
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d. With kr =z we have for small r:

Ug = smfr —coskr =a ' (z —2*/3! + O(2°)) — (1 — 2?/2! + O(z*)) = 2%/3 — O(z*),
coskr . 1 2 4 3 5 3
up = —— —sinkr = —o~ (1—27/21+0(2"))— (x—2° /3!+0(2°)) = —1/ax—2/2+0O(z”).

Only u, behaves as (kr)!™! oc r'*1 =2 for small r, which is acceptable, while u, behaves
unacceptably for small » and can not be normalized.
Since u, is a solution of the radial equation and behaves as it should for small r, it
only remains to require that wu(a) =0:
sin ka

[=1: u(a) = 08 ka=0 = tanka=ka, q.e.d.
a

e. In ¢, we concluded that the ground state must correspond to nl= (1,0), and
u1p o sin(kyor), with

B2k2 A2
/{,'10 = z and ElO = 10 T
a

o2m  2ma?’
Based on the discussion in ¢, we must expect that the first excited level corresponds either
to nl=1,1 or nl=2,0. In the latter case we have already found the energy:

2
nl =20 : koo = i = 2k = FEyy = 4FE,.
a 210

To find the energy of the states 11, = 7 'u11Yim, corresponding to nl=1,1, we
must find the smallest value of k£ which gives u, a zero at = = a;

sin kr sin ka
— cos kr =0 —
r a

r=a

—coska =0,

corresponding to the condition tanka = ka. To find this k-value it would be instructive
to plot 27 'sinz—cosx as a function of x (see the Comment below). However, it is fairly
easy to locate the first zero using the calculator. We already know that this function is
positive for small x, starting out as z%/3. For x = 7 it is still positive (=1). For z =27
it is equal to —1, so the first zero is somewhere between 7 and 27. Using the calculator,
it is fairly easy to find that the first zero occurs for = = ka = 4.4934, corresponding to

44934  m 4.4934
_a ™

which is lower than FEyy. Thus the first excited level is Ey; (for n = 1 and | = 1), with
the wave functions

1{711 = = 14303 1{710, and EH == (14303)2E10 - 2046 Elo,

sin kqqr

Yiim = Cr? ( — COS k:11r> Yim, m=0,=£l.

]{3117’

Comment: The dashed curve in the figure below shows

sin ki r

up(r) =C < — cos k11r>

knT’
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(plotted with the “Fj;-line” as axis). Note that u;; has a turning point where the “Fyq-
line” crosses the centrifugal barrier for [ = 1. Also shown is the “Ejs-line” (n =1, | =
2), which is in fact the second excited level (with energy Ei, =~ 3.366 Eyp), and the
corresponding function w9, which turns out to be

3 _ 3
U1 = <()2 — 1) sm(klgr) — T COS(/{Z127”).

kyor 12T

In addition we see that the s-waves u19 and ugy are ordinary box curves. We also observe
that usg corresponds to the third excited level.

fef (b2




