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QCD Lagrangian and symmetries

L = ψ̄iγµ(∂µ − igTaAa
µ −m0)ψ − 1

4
GµνGµν

Local SU(Nc) gauge symmetry. Real world Nc = 3.

Global SU(Nf )L × SU(Nf )R symmetry if m0 = 0.

Global U(1)B symmetry.

Global SU(Nf )L × SU(Nf )R → SU(Nf )V . Gives rise to
Goldstone bosons (pions).
Nf = 2:

ψ =

(
u
d

)
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Confinement and chiral symmetry breaking

All observed particles are color singlets (confinement) - no
long-range forces
Global symmetries are broken - Goldstone bosons (pions)

u

ud
B
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Confinement and chiral symmetry breaking

Chiral symmetry breaking:

〈ψ̄ψ〉 6= 0 .
Confinement and the Polyakov loop
(global ZN symmetry) :

L = TrP exp

(∫ β

0
igA0(x , τ)dτ

)
,

L → zL ,
〈L〉 = e−βFq ,

〈L〉 = 0 , confinement ,
〈L〉 6= 0 , deconfinement .
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Baryon chemical potential

L = ψ̄(i/D −m0 + µBγ
0)ψ − 1

4
GµνGµν

Z =

∫
DADψ̄Dψe−

R
LE

=

∫
DADe

− 1
2g2 tr(FµνFµν)

det[/D + m0 − µBγ0] ,

det[/D + m0 − µγ0] =

(
m iX − µB

iX † − µB m

)
X = D0 + iτ · D

Positive determinant only if µB = 0 .
Jens O. Andersen A flavor of two-color QCD
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Isospin chemical potential

Third component of isospin

L = iψ̄γµ(∂µ − igTaAa
µ −m0 +

1
2
µIγ

0τ3)ψ

Dirac determinant with µI :

D = γµ(∂µ + iTaAa
µ +

1
2
µIγ

0τ3) ,

D† = τ1γ
5Dτ1γ

5 .

Determinant positive
Simulations with finite isopin density possible

D. T. Son and M. A. Stephanov, Phys. Rev. Lett. 86, 592 (2001).
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Two-color QCD and baryon chemical potential

L = ψ̄iγµ(∂µ − igTaAa
µ −m0 + µBγ

0)ψ .

Dirac determinant with µB:

D = γµ(∂µ − igTaAa
µ −m0 + µBγ

0) ,

D∗ = γ5CT2Dγ5CT2 .

Determinant positive
Simulations with finite baryon density possible

Jens O. Andersen A flavor of two-color QCD
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Two-color QCD and SU(4) symmetry

L = iψ̄γµDµψ

Introducing four-component spinor

Ψ =


uL
dL
ũR

d̃R


Conjugate quarks

ũR = σ2T2ψ
∗
R , etc

J. B. Kogut, M. A. Stephanov, and D. Toublan, Phys. Lett. B464, 183 (1999).

Jens O. Andersen A flavor of two-color QCD



Introduction
Chemical potentials

Nambu-Jona Lasinio models
Conclusions and outlook

B(q) = +1, B(q̃) = −1, but A(q) = A(q̃)

Manifest SU(4) symmetry in chiral limit:

L =
(
ψ∗L ψ̃∗R

)( σµDµ 0
0 σµDµ

)(
ψL
ψ̃R

)

D = γµ(∂µ + iTaAa
µ + µBγ0) ,

D∗ = γ5CT2Dγ5CT2 .

Determinant positive
Simulations with finite baryon density possible

Jens O. Andersen A flavor of two-color QCD
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Two-color QCD and SU(4) symmetry cont’d

SU(4) ∼ SO(6) sextet of σ, π±, π0, and (anti)∆ in chiral
limit.

Mass term breaks SO(6):

ψ̄ψ =
1
2

Ψ̄σ2T
(

0 1
−1 0

)
Ψ + h.c.

Chiral condensate breaks SO(6) to SO(5):
Five pseudo-Goldstone bosons.
3 quark-antiquark states and two diquarks.

Jens O. Andersen A flavor of two-color QCD
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Two-color QCD and SU(4) symmetry cont’d

Baryon chemical potential:

µBψ̄γ0ψ = µBΨ†
(

1 0
0 −1

)
Ψ

SO(6) → SU(2)L × SU(2)R × U(1)B

“Baryons” are bosons

Finite baryon density is Bose-Einstein condensation of
diquarks

Superfluid rather than color superconductor

Jens O. Andersen A flavor of two-color QCD
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Two-color QCD and SU(4) symmetry cont’d

Isospin chemical potential:

µIψ̄γ0τ3ψ = µIΨ
†
(
τ3 0
0 −τ3

)
Ψ

Symmetry: charge conjugation of d quark and µB ↔ µI

Phase diagram symmetric in µB-µI plane
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NJL models

QCD notoriously difficult theory.

Local four-fermi interaction from one-gluon exchange.

No gauge fields. Only global symmetries.

Jens O. Andersen A flavor of two-color QCD
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NJL models

The NJL model is not asymptotically free
Coupling has negative dimension.

The NJL model is not confining

The NJL model is “nonrenormalizable”.
Normally hard three-dimensional cutoff Λ used - can use
any regulator (?).

The NJL model can still be used to study chiral symmetry
breaking and condensation.

Jens O. Andersen A flavor of two-color QCD
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Two-color QCD and the NJL model

NJL-model Lagrangian:

L = ψ̄[iγµ∂µ −m0 + 1
2γ0(µB + τ3µI)]ψ + L1 + ξL2

L1 = G[(ψ̄ψ)2 + (ψ̄iγ5τψ)2 + |ψ̄Cγ5T2τ2|2]

L2 = G[(ψ̄iγ5ψ)2 + (ψ̄τψ)2 + |ψ̄CT2τ2|2]

L1 + L2 U(4) invariant, L1 − L2 SU(4) invariant.

L = ψ̄[iγµ∂µ −m0 + 1
2γ0(µB + τ3µI)− σ − iγ5τ · π − ξπ · ρ]ψ

+1
2(∆∗ψ̄Cγ5σ2τ2ψ) + h.c− 1

4G
(σ2 + π2 + ξρ2 + |∆|2)

Jens O. Andersen A flavor of two-color QCD
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Mean-field approximation

Bilinear in fermion fields. Integrate them out.
Effective potential in mean-field approximation:

Ω

V
=

1
4G

(
σ2 + ξρ2 + ∆2

)
−T

∫
d3k

(2π)3 Tr log
[
1 + e−βH

]

H is 16× 16 matrix. Eigenvalues found numerically.

Jens O. Andersen A flavor of two-color QCD
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Phase diagram

Phase diagram at T = 0
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Phase diagram symmetric in µB
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a

Diquark condensation for
µB > mπ

Competition between pion and
diquark condensate
Stress on condensates towards
diagonal

a
K. Splittorff, D.T. Son, and M. A. Stephanov, Phys. Rev.

D64, 016003 (2001). JOA and T. Brauner, Phys. Rev. D 81,
096004 (2010).
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Condensates

Predictions from chiral perturbation theory and the
SO(6)-symmetric scalar field 2

〈ψ̄ψ〉
〈ψ̄ψ〉0

=

(
µc

µB

)2

nB = µB∆2

∆ = fπ

√
1−

(
mπ

µB

)4

+ 2
µ2

B −m2
π

m2
σ −m2

π

2
J. B. Kogut, M. A. Stephanov, and D. Toublan, Phys. Lett. B464, 183 (1999), K. Splittorff, D.T. Son, and M. A.

Stephanov, Phys. Rev. D64, 016003 (2001). JOA and T. Brauner, Phys. Rev. D 81, 096004 (2010).
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Chiral perturbation theory vs lattice simulations 3

Chiral condensate
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3
S. Hands et al, Eur. Phys. J C17 285 (2000)
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Collective excitations

Inverse propagators:

D−1
σ (ω) =

1
2G
− 4

∑
e=±

∫
d3k

k2

ε2k

[
1− f (eξe

k )− f (eξ−e
k )

ω + 2eεk

+
1− f (eξ̂e

k )− f (eξ̂−e
k )

ω + 2eεk

]
,

εk =
√

k2 + M2 ,

f (x) =
1

eβx + 1
,

ξk = εk +
e
2

(µB + µI) ,

ξ̂k = εk +
e
2

(µB − µI) .
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Meson masses:

D−1(ω2 = m2
σ) = 0 .

Two-particle continuum:

ω = 2M .
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Collective excitations

Spectral function:

ρ(ω) =
ImD−1(ω + iε)

[ReD−1(ω + iε)]2 + [ImD−1(ω + iε)]2
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Deconfinement

Deconfinement for µBa ' 0.65.

Transition from confined nuclear matter (BEC of diquarks)
to degenerate fermionic matter 4
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4
S. Hands, S. Kim, J-I Skullerud, Eur. Phys. J. C48, 193 (2006); Phys. Rev. D81, 091502(R) (2010).
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BEC-BCS crossover

BEC-BCS crossover determined by

M =
1
2
µB .

Not a phase transition
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FF phase

Diquark condensate

〈qq〉 = ∆e2iq·x
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BEC-BCS crossover

BEC-BCS crossover determined by

M =
1
2
µB .

Not a phase transition
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Thermodynamics

Pressure from thermodyanmic potential, Ω = −PV

Normalizing to Stefan-Boltzmann

PSB =
µ4

B
48π2 +

µ2T 2

6
+

7π2T 4

45

nB and EB follow from thermodynamic identities
Chiral pt via linear sigma model

L =
1
2

(∂µΦ)2 +
1
2

M2Φ2 +
1
4

Φ4 − HΦ

Jens O. Andersen A flavor of two-color QCD



Introduction
Chemical potentials

Nambu-Jona Lasinio models
Conclusions and outlook

Thermodynamics

Linear sigma model

P
PSB

= 24π2
(

fπ
mπ

)2(
1− 1

x2

)2( 1
x2 +

1
τ2 − 1

)
n

nSB
=

12π2

x2

(
fπ
mπ

)2(
1− 1

x4 + 2
x2 − 1
τ2 − 1

)
E
ESB

= 8π2
(

fπ
mπ

)2 x2 − 1
x4

(
1 +

3
x2 +

3x2 + 1
τ2 − 1

)

x =
µB

mπ

τ =
mσ

mπ
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