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Problem 1

The equation for an anharmonic oscillator with damping can be written as
i+bi—kr+a® = 0, (1)
where b and k are real parameters.

a) What is the interpretation of the sign of b og k7 For which values of
b og k is the system conservative?



b) Show that equation (1) can be written as

T =

Y

Y, (2)
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¢) Find the fix point and the associated Jacobian matrix for equations (2)-(3)
d) Find the eigenvalues of the various fixed points that you found in c).

e) Let b # 0 and k # 0. Classify the various fixed points as functions of
b and k.

f) Consider the special case b = 0. Classify the fixed points as functions
of k.

g) Consider the special case k = 0. Classify the fixed points as functions

of b. Find the critical value b, for b at which the system undergoes a bifurca-
tion. What type of bifurcation is this? Hint: Do not linearize, use physical
intuition.

Problem 2

Given the set of equations
& o= x—y—a, (4)
gy = v+y—y’.

(5)
a) Find the fixed points of the equations given above. Hint: The polynomial
% — 32 + 32* — 222 + 2 does not have zeros on the real axis.

b) Show that the system has at least one periodic solution Hint: The Poincare-
Bendixon theorem and % < costzr +sintx <1.

Problem 3

Consider the tent map which is defined by
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where 0 < r < 2 is a real parameter and = € [0, 1].

a) For which values of r is the fixed point x = 0 stable? For which val-
ues of r is x = 0 globally stable? Hint: Use a cobweb.

b) Show that the points (p,q) = (17;=, 11%) form a period-2 cycle and find

the values of r for which they exist.

c) Is the periode-2 cycle in b) stable? For which values of r does the tent
map exhibit chaos?



