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Aim of our study

To study the eigenvalues of the Dirac operator
In 2-color QCD at high baryon density

using Chiral random matrix theory (ChRMT)
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» Phenomenological applications
(Phase structure)

» Exact theory of Dirac eigenvalue\
distribution J




From: JLQCD & TWQCD collaborations

[arXiv:0705.3322]
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Why Dirac eigenvalues? .l

--- Not directly observable o

--- But related to important quantities such as

the chiral condensate (by Banks-Casher)
@l =" 0, o= (To0r-1)
Va n
--- And to the Polyakov loop Gattringer(06)

--- Exact model-independent results available

(by equivalence of QCD and ChRMT in a specific limit)



QCD with Nc=2

»No sign problem at p#0 for even Nf and pairwise equal mass

= Monte Carlo Simulation feasible !
Hands-Kogut-Lombardo-Morrison (99)

» Color-singlet diquarks (baryonic pion)

"."Pauli-Gursey Symmetry
»Chiral Symmetry Breaking at yp~0: SU(2Ny) — Sp(2Ny)
»Arena of diverse theoretical approaches:

ChPT, NJL, PNJL, RMM, SCE on the lattice, ...
»Rich physics on the phase diagram:

Superfluid phase transition, BEC-BCS crossover,
FFLO phase, vector meson condensation, ...

» Close resemblance to Nc=3 QCD at finite isospin density
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High-density limit (7T ~ 0)

»Asymptotic free Fermi surface

» Attractive channel: [2]- X [2]=[3]ct|1]c _Barrois(77)
Bailin-Love(84)

- Cooper instability - BCS gap .

_ 27~
/\SU(2) <L A ~ ug_Be 9 L W Son(98)

> ySBby<{qq> <€ BCS superfluid

SU(Nf)R X SU(Nf)L X U(l)B X U(]-)A

» Chiral Lagrangian valid at
energy scales below /\?

<— Kogut-Stephanov-Toublan-Verbaarschot- s
Zhitnitzky(00) )



High-density chiral Lagrangian t«-wettig-yamamoto(09)

(Ny > 4, even)
Spr € SUWN)/SP(Ny), V,A€U(L)

2
ff T
£ne = {60V — vBIoV 2} + L joo AR - w2194
2
-1 %tl’ {|802L|2 — ‘U%‘@‘ZLF + (L < R)}

3

— n/_\Q{AQ tr (M pMTsT) 4 c.c.} + (sub-leading terms).
-

e M2 acts as a source for A2,
JAN

e Modified GOR relation: my oxc —M .
v

Casalbuoni-Gatto(99)
Son-Stephanov(00)

[ Likewise for CFL phase:



- | | N Gasser-Leutwyler (87)
The e-regime at high density  Gasereumer 07

2-color QCD in a finite volume with TK-Yamamoto(09)
L L LK L
JAN Mo
‘Dimensional reduction’ L
|
Z(M) v, = L4
- ] dA f d¥; / dX p exp lV;;i?j{AzTr(MZRMTZE) + c.c.}]
U(1)a  SU(Ng)L/SP(Nf)L  SU(NgR/SP(NfR
x H(m 1_ m Pf[(m ,”2)10( 3 VaA%m, :"f”-j)] i
1>]

Partition function does not depend on y explicitly.

Taylor expansion in M:

2 ( 3A2\?

= vTAn2 — VaBVay A 78
Z(M) =1+ (N, =1y 44W2) {(Tr MTM)* — Tr(M™M) }+O(JI ).
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At
Comparison with  Zqcp(M) = <H det (1 + AM)>
at each order "

> Spectral sum rules
<;*3> <§ %m2> <ij,> - <Z;4>= 2(Nf?1>2w4(v4&2)2‘

Microscopic spectral function

[ 1 z
ps(z) Iim p( )
/ d2 pq(z) O Va—o0 V4&.2 HV4Q2

where <
24 2(Nf — 1)2 - p(\) <Z(52(/\ — )\n)>

»Dirac eigenvalues of order O(\/ﬁ) are govened by A.
>Can we obtain ps(2) explicitly? \
What is the ChRMT for this e-regime?
(e 0(ik5) =t w=0)
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Known ChRMTs at pz0

> Two-matrix formulation

Osborn(04)

Akemann et al.(04)
o

_ my 1A+ pB\ __Na2(tr AtA+tr BIB)
7 = /dAdBfl;[ldet (iAT-I—uBT s ) e

»Vanderheyden-Jackson model Vanderheyden-Jackson(00,01)

Z(p,T) = /Dnmq Dy, DT D3
| + 3 T . .
|V iy H+ (7T +ip)vyo + im nPa i ]
X exp |1 _ N .
[ rg —1" Pa —HT + (T — i) ’:r.j: — im 5 J

The y-term dominates the matrix at ¢ — o0,

- Neither of them support <gqg> at arbitrarily large density
(“No Fermi sea”)

10



A candidate chRMT for dense 2-color QCD

TK-Wettig-Yamamoto(arXiv:0912.4999)

Ny )
Z({mf}) :fdAdB H det (mfl A ) e—NQQtr(AAT+BBT)
f=1

B inyl

[A, B: real-valued N x N matrices]

= Check list =

v' Dirac operator should be chiral, real, and non-Hermitian
v The correct SSB pattern

v’ 1 does not appear in the Dirac operator at all

v It should generate the spectral sum rules

resulting from the chiral Lagrangian
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A candidate chRMT for dense 2-color QCD

TK-Wettig-Yamamoto(arXiv:0912.4999)

Ny ~

1 A 2 T T

Z({my}) =/dAdB [ det (mf R ) o—Na2tr (AAT+BBT)
! F=1 B myl

[A, B: real-valued N x N matrices]

Correct SSB pattern? ---Yes.
N, [O A\ _ N;/2 0 A N¢/2 0 B
det™/ (B 0) = det''f (—AT 0) det™'/ (—BT 0)

SU(Nf) —>SD(NJC) SU(Nf) —>SD(Nf)
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N>1

Z(M) ~ ] dU av PN
U(Ny)

~ dedv exp
u(Ny)

/ ds

Hubbard-Stratonovich + Saddle point method

(A wvivDit - )Pfﬁ, (ﬁ(UfUl')’f —mT )

\ M \/]L_QUIUI M \/gawv'f'

| — 2Na?Retr (MUIUTMTV*IVT)]

/ dsp exp |- 2Na’Retr (MEpMTE])]

U(N;)/Sp(Ng)  U(Ng)/Sp(Ny)

|dentical to the e-regime chiral Lagrangian,

with

Na? M?

< 225 Va A2 M

=» All sum rules are recovered
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What if a diquark source is

added?
ip my A 7" il
B _ g B my| j* UR
7 = /d[Aﬁ_Bﬂhd«ﬂ:-(ﬂ exp dp 7 mq — AL dr,
dg, j -B1 mq dR ]

X exp [ — Na2tr (AAT + BBT)]

~ jfdd)L_:R exp [2\/§Nce,|j|(cos ¢; — COSPR) — 4N(12mumdcos(qu — qu)]

~ exp [4\/§Na|j| + 4Na2m.umd] .

v'"Non-zero diquark condensate
v'Zero chiral condensate

Likewise for N, > 4
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Microscopic Spectral Density of complex eigenvalues

V' N o?

N—o0 NC}:Q

1 o 2N
ps(z) := lim p ( ) with p(\) = < 3y 52(\ — An)

n=1

S /
/)(G):Dirac(“\) i

TK-Wettig-Yamamoto, in preparation

Left figure: from Akemann, Phillips, Sommers, [arXiv:0911.1276]
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Relation to the model in the literature
Akemann-Phillips-Sommers(07)

Zy (i, {my}) = /dO dD e—2Na?tr(CCT+DDT)
Ny ) )
myl C + uD
X det J+ - |
fl;Il (_CT + Dt m 1 )

- Introduced as the chRMT
for 2-color QCD at low density

N — oo with |N7n,|and N2 | fixed
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Our model is obtained from this model
asaspecialcase: |i=1,r=0

A single model describes two extremes!

Low density limit High density limit
ﬁ:O(l/\/N) nw=1

NaM « VXM )
Na?M? < VaA2 M2

N2 s V, F2p?
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Summaryd&Outlook

1. We proposed a new chRMT for the high-density limit
of 2-color QCD

2. The first application of strongly non-Hermitian RMT
to QCD (i 7 0 as N — o0)
3. Future directions:

Extension to intermediate u ?
Adjoint QCD? Odd Nf ?

Check by Monte Carlo? Sign problem?

Spectral density with digquark source?

=END=
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