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CFL phase  
Alford, Rajagopal, Wilczek hep-ph/9804403

µ! ms < ψαiCγ5ψβj >∼ ∆ εIαβεIij

SU(3)c × SU(3)L × SU(3)R × U(1)B → SU(3)c+L+R × Z2

               is spontaneously broken: CFL is a  SUPERFLUID            U(1)B

so  far no evidence of any 
phase transition
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unviscid (dry) fluid

∂v
∂t

+ (v ·∇)v = −∇p
ρ
−∇φ

Continuity equation
∂ρ

∂t
+∇ · (ρv) = 0

Description of the fluid

Euler equation

Vorticity Ω = ∇× v
∂Ω
∂t

+∇× (Ω× v) = 0

If at a certain time Ω = 0 it is still zero at any later time 

The flow is permanently irrotational v = ∇ϕ



viscous flow

∂Ω
∂t

+∇× (Ω× v) =
η

ρ
∇2ΩUsing the vorticity

Diffusion equation for vorticity: vorticity is generated by the 
shear viscosity

shear viscosity

ρ

(
∂v
∂t

+ (v ·∇)v
)

= −∇p− ρ∇φ + η∇2v + ζ∇(∇ · v)

bulk viscosity



superfluidity
Superfluidity: all the particles of the system are in the same 
quantum state

Consider a system with a global           symmetry U(1)
Spontaneous symmetry breaking: Goldstone boson ε(p) = c p

Example

Superfluidity occurs when v < vcr = Min
ε(p)
p

Min
ε(p)
p
!= 0

Landau’s criterion
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At T=0 shear and bulk viscosity are zero

At T ≠0  viscosity is due to the presence of low energy 
excitations 



non-relativistic superfluids

ρ = ρn + ρs j = ρnvn + ρsvs

Landau two-fluid theory

Normal component
phonons, rotons...

Superfluid component

∂tρ + divj = 0
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The two “components” correspond to two different motions of the fluid

Normal component: viscous fluid

Superfluid component: unviscid fluid
Not completely correct:
neglects interactions



dissipative terms

Non dissipative equations

Adding the most generic dissipative terms 

Momentum conservation

Josephson equation

Mass conservation

 non-relativistic
hydrodyamics 

∂ρ

∂t
+∇ · (ρv) = 0

∂ji

∂t
+ ∂jΠij = 0

∂vs

∂t
+∇

(
µ +

vs
2

2

)
= 0

∂ρ

∂t
+∇ · (ρv) = 0

∂ji

∂t
+ ∂j(Πij + τij) = 0

∂vs

∂t
+∇

(
µ +

vs
2

2
+ h

)
= 0
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Q′ = q + h(j− ρvn) + τ · vn

Entropy 
production rate

Dissipative energy flux

R = −h∇ · (ρs(vn − vs))− τik∂kvni −
1
T

q ·∇T

Close to equilibrium
τij = −η

(
∂jvni + ∂ivnj −

2
3
δij∇ · vn

)
− δij

(
ζ1∇ · (ρs(vs − vn)) + ζ2∇ · vn

)

h = −ζ3∇ · (ρs(vs − vn))− ζ4∇ · vn

q = −κ∇T

Onsager symmetry principle:

Non-negative entropy production: and positive
ζ1 = ζ4

ζ2
1 ≤ ζ2ζ3 κ, η, ζ2, ζ3
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P = Peq − ζ1div(ρs(vn − vs))− ζ2div vn

µ = µeq − ζ3 div(ρs(vn − vs))− ζ4div vn

Physical
interpretation



rotating superfluid

V =
ρsvs + ρnvn

ρ
w = vs − vn

Small fluctuations in a rotating superfluid   (corotating frame)

∂tδVi + 2εijkΩjδVk = −1
ρ
∂iδp− ∂iδφ−

1
ρ
∂kδτik ,

∂tδwi + 2εijkΩjδwk = − ρ

ρsρn
δFSN

i +
ρ

ρn
(δ(s∂iT )− ∂iδh) +

1
ρn

∂kδτik

mutual 
friction force

thermomechanical
force

shear and bulk 
viscosities

c.m. relative motion



mutual friction

ρs
dvs

dt
= −ρs

ρ
∇p− ρs∇φ− FN

ρn
dvn

dt
= −ρn

ρ
∇p− ρn∇φ + FN + η∇2vn

 Mutual friction
Force between the superfluid component and the
normal component mediated by phonon-vortex 
interaction

phonon

vortex
superfluid
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 Mutual friction

dσ

dθ
=

cs

2πE

cos2 θ

tan2 θ
2

sin2 πE

Λ
elastic scattering

off vortices

inelastic scattering
on vortices work in progress

FN = D(vn − vL) + D′ẑ× (vn − vL)
 Friction force Scattering of phonons off vortices

FM = κρs(vs − vL)× ẑ
 Magnus force Standard hydrodynamic force

Forces acting on a Vortex
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i) At low temperatures most of the system is superfluid, the 
normal component is dominated by phonons

ii) Need to understand how the friction can be transmitted 
from the normal component to the superfluid component

iii) The friction will depend on the particular process 
considered

Examples:
The movement of the superfluid on a surface will be frictionless 
The movement of a body in the superfluid will not be frictionless

Nph ∼ T 3
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Phonon contribution

∂tNph + div(Nphvn) = −Γph

T
µph

εp = csp + Bp3 +O(p5)phonon dispersion law

ζ2
1 = ζ2ζ3Notice that 

the system tends toward the state where
bulk viscosity does not lead to dissipation 
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ζ1 = − T

Γph

∂Nph

∂ρ

(
Nph − S

∂Nph

∂S
− ρ

∂Nph

∂ρ

)
= − T

Γph
I1I2

ζ2 =
T

Γph

(
Nph − S

∂Nph

∂S
− ρ

∂Nph

∂ρ

)2

=
T

Γph
I2
2

ζ3 =
T

Γph

(
∂Nph

∂ρ

)2

=
T

Γph
I2
1

B > 0 φ→ φφ

B < 0 φφ→ φφφ



dissipative terms

Non dissipative equations

Adding the most generic dissipative terms 

energy-momentum 
conservation

Josephson equation

current conservation

 relativistic hydrodyamics 

∂µnµ = 0
∂µTµν = 0

uµ∂µφ + µ = 0

∂µnµ = 0
∂µ(Tµν + Tµν

d ) = 0
uµ∂µφ + µ + χ = 0
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Close to equilibrium

χ = −ζ3∂µ(V 2wµ)− ζ4∂µuµ

Tµν
d = κ (∆µγuν + ∆νγuµ)

(
∂γT + Tuδ∂δuγ

)

+ η∆µγ∆νδ

(
∂δuγ + ∂γuδ +

2
3
gγδ∂αuα

)

+ ∆µν
(
ζ1∂γ(V 2wγ) + ζ2∂γuγ

)

∆µν = gµν − uµuν

wµ = − (∂µϕ + µuµ)
where

for a rotating superfluid one has to include the mutual friction 
force
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CFL effective action
Fluid of quasiparticles (phonons) moving on the top of the superfluid background

Leff =
3

4π2

[
(∂0ϕ− µq)2 − (∂iϕ)2

]2Effective Lagrangian (low energy, 
asymptotic densities) Son hep-ph/0204199

ϕ(x) = ϕ̄(x) + φ(x)Scale separation

superfluid phonon
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     bulk long-wavelength
fluctuations

S[ϕ] = S[ϕ̄] +
1
2

∫
d4x

∂Leff

∂(∂µϕ)∂(∂νϕ)

∣∣∣∣∣
ϕ̄

∂µ φ∂νφ + · · ·

Acoustic metric gµν = ηµν + (c2
s − 1)vµvν

S[φ] =
1
2

∫
d4x
√
−g gµν∂µ φ∂νφ Phonon’s action

{



 In CFL B<0

Low temperatures T ! 0.01 MeV

phonons in CFL
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P P

P

P

Q

1

P2

3

4

5

Conformal limit ζ3 ∼
µ6

T∆8ζ1 = ζ2 = 0

Conformal breaking
due to ms

ζ1 ∼
m2

sµ
7

T∆8
ζ2 ∼

m4
sµ

8

T∆8



Importance of 
dissipative processes

Lindblom, astro-ph/0101136

R-mode instability

Modes  retrograde in the  corotating 
frame  (but  prograde in the inertial 
frame) are unstable. 
See also Andersson, Kokkotas  gr-qc/0010102
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R-mode oscillation
difficult to damp in CFL stars
Madsen, Phys. Rev. Lett. 85, 10 (2000)  

Emitting  gravitational radiation 
the star quickly spins down 

CFL

dissipative processes  damp these oscillations when ν ! 1Hz



Summary

  CFL is a superfluid

 Contribution of phonons to the bulk viscosity 
coefficients of CFL

 For rotating superfluids one has to include the 
mutual friction force

 Damping of star oscillations, especially 
gravitationally unstable r-modes
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Addenda



Degenerate Fermions

  Breaking of gauge symmetry  
(chromo) magnetic field is expelled: 
Meissner effect

22

Fermions fill  energy levels up to the Fermi 
energy 

Exciting fermions deep in the Fermi sphere 
has an energy cost

Fermions close to the Fermi surface can easily 
scatter

System of degenerate Fermions at high density and low temperature

“active” fermions

“frozen” fermions

PF

Fermi sphere

  Breaking of global symmetry, the 
system is superfluid

The difermion condensate induces some symmetry breaking 

Cooper theorem: Any arbitrarily attractive interaction            Cooper pairing

Goldstone boson with 
a linear dispersion law  

Landau criterion for 
superfluidity is satisfied



CFL phase  
Alford, Rajagopal, Wilczek hep-ph/9804403µ! ms

< ψαiCγ5ψβj >∼ ∆ εIαβεIij
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SU(3)c × SU(3)L × SU(3)R × U(1)B → SU(3)c+L+R × Z2

               is spontaneously broken: CFL is a superfluid            U(1)B

Color superconductor

  Attractive interaction between quarks 

  Degenerate system of quarks

Cold quark matter at extreme densities

Instantons   (intermediate density)

One-gluon excange (high density)



Observation by Unruh
The effective action of a phonon in a fluid is equivalent to the action of a scalar 
field in a curved background 

That is, one can describe the propagation of sound in  a  fluid as the 
propagation of a (scalar) particle  in a non-flat metric

To study some aspects of general relativity, e.g. black hole evaporation 

To study some systems using results of general relativity 

Use of this analogy
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gravity analogs

I will only present few examples of gravity analogs 



Consider a stream of a fluid 

x

y

Fluid velocity: v = v(x)x̂ and
∂v

∂x
> 0

We want to study the propagation of “particles” in the fluid
25

Gravity analogy
(Child view)



Gravity analogy
(Child view)

The probe: moves at constant velocity cs

The trajectory we observe is bended: x(y) =
1
2

∂v

∂x

y2

c2
s

This looks like the bending of light in a free-falling lift
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Horizon v < cs v > csv = cs
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Gravity analogy
(Child view)



Gravity analogy

Trapped 
surface

Sink
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Geometrical view

dx
dt

= csn̂ + v

|n̂|2 = 1

c2
sdt2 − (dx− vdt)2 = 0

Velocity of sound in the lab frame

gµνdxµdxν = 0

with

gµν =
(

c2
s − v2 vt

v −I

)
acoustic metric
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