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Dyson-Schwinger approach is a competitive method for

quantitative treatment of several relevant field theories, if

solved with similar formal rigorousness

like Monte Carlo simulations of the Euclidean path integral.
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Plan of the talk

— Scale insensitivity requirement for effective models of QCD

— From the U(n) x U(n) symmetric model to the N-vector model
— QuarkNLO Renormalisation of the Quark-Meson model

— MesonNLO Renormalisation of the O(N) model

— Conclusions

Andras Patkés with G. Fejds, I. Szécsényi and Zs. Szép



Plan of the talk

Thermodynamical degrees of freedom for both phases are present
Widely used for exploration of the thermodynamics of
quark-hadron phase transformation:

Scavenius et al. (2001), Schaefer & Wambach (2005, 2007);
Schaefer & Wagner (2009); Kovéacs & Szép (2009)

Perturbative renormalisability limited by triviality conveniently
ensures scale insensitivity order by order in the meson-fermion
coupling, though

is insufficient for (partially) resummed perturbative series

Resummation of perturbative series is incomplete without

COUNTERTERM RESUMMATION
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Plan of the talk

Devised for strongly coupled field theories

The old testing ground: O(N)-model LO
1974: Dolan & Jackiw; Coleman, Jackiw and Politzer; Schnitzer;
1983: Bardeen & Moshe

O(N)-model NLO: Root (1974); v. Smekal (1994); Cooper et al.
(2004/05); Andersen et al. (2004, 2008); Fejés et al. (2009)

U(n) x U(n) (quark-meson model)

Interest and difficulty of large n solution: Paterson (1980)

Trick: thinning the meson fields down to an n?-component vector
interacting with quarks in the fundamental rep. of SU(n)

Large-n approach to phenomenology: Jakovac et al. (2004)
Marké & Szép (in preparation)
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From U(n) x U(n) to O(N)

The linear (constituent) — (light) model

Loy = Lm+Ly,
Ly = Tr[0,MO*M' — m>MM']
—EL(TeMMTY? — ETe(MMT)? 4 V202 hos®,
n n

Ly = d(x)(inud" — mo)w(x)—%z(x)%(x)w(x).
M= (s? 4+ im®)T?, Ms = (s?+ iysm?)T?,
TeT2TP =16, a2=0,1,..,n" - 1.

The n x n meson matrix M transforms according to the
U(n) x U(n) approximate global chiral symmetry
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From U(n) x U(n) to O(N)

: the meson sector

b = 5[0 + (@Y — m((°) + ()] + V2rhos?

81 a a 82,3
— o+ (@) - (U

U2 = %dabz:(sbsc + ﬂ_bﬂ_C) _ f-abcsbﬂ_c.

Introduction of auxiliary composite fields:

ALy = —% (x - i\/g((sa)z + (wa)2))2—; (Ya — /'\/'%Uf’)2 :

Symmetry breaking pattern:
s? — 57+ V2n2v6%, U? — U? +2v/nvs® + nvV/2n6%°v?
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From U(n) x U(n) to O(N)

Large-n Dyson-Schwinger equations:
X =i\/8n(2v?+ G + 6™, vo =i /en2v?+ 6P + M),
M2 =m? — L(\/2g:.X + 28 Y?), M?v =i,/gGsy + ho.
Coupled propagator sectors:

[Goo x, Gsoyo, Gxyo, Geoe0, Gyoyo, Gx x|,
[Gs”,s"; GS“,Y"a GY“,Y"a U:V7£O]v [GW“JTV: U:V]'

Shorthand notations:

G =G, Guomo = G\,
G = G Gaugo = G, Gauys = Goy, Gyuyw = G, u#0.
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From U(n) x U(n) to O(N)

The pion-propagators:

i = Dyt — g GG D (x,y) = —(O+ M2)S(x — y)
i = Dyt — g GG + GF) — Guy Gyl
o1 _ (G5 Gy
The scalar-"doublets” Q(s’y) = (G;sl G;\1/
G;l = iD()_l — ig2[G5(Y)(Gs(S) + Gs(ﬂ)) + Ggy Gys]
Gyl =Gyl = —2iygmv — igGys(GE) — GIM)
Gyl = —/—i%[AJrst(s)Gs‘“)]
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From U(n) x U(n) to O(N)

Xs0
The scalar”triplet”:Q&EY%O): G)?—’lio G;_(,lyo Gi{so
sOX s0yo Gsoso
G)?)% = —I/—iglA,
Gyyo = Gyox = —iVEig2A
G;s%:Gs_O; = 2i g1V_2i\/g1g2GYsGs(S)
Gyoyo = —I—igA,
Gyl =Gole = 2iv/gv —2igGysG
Y050 s0y0 I/ 82V 182 Gys Gs
Gl = Dyt = 2ig(G G + Goy Gys).
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From U(n) x U(n) to O(N)

The CJT effective potential:

1
Vi = n(m*v2+2hov)+ 2 (X2 +(YOP)+iv2n(/g2 Y O+ /g X)v?

v, = —i"2/(lnc;(”)‘l(k)JrD—l(k)G(“)(k))
l—loop — 2 B s 0 s

.n? B B
_,2/Tr[ln g(s,lY)(k)+D(s,1y)(k)g(s7\/)(k)]
DS}(k) =Dy, Dy =Dy} =-2i\/gav, Dyy=1I.
2
Vihep = i 82 / / (6 (k)G (k + p)
kJp
6P ()6 (k+ p)) 6 (p) + 26,y (K) Gys(k + p) G (p)]

n2
tie [ [(E W)~ GrGnlh + ) p)
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From U(n) x U(n) to O(N)

VST =277, LEADING ORDER SOLUTION NOT KNOWN

Approximation: (Assumed) heavy scalar dynamics neglected
All pions share the mass determined by the saddle point equations:

m?(n®, a=0,1,...,n°* — 1) = M2,

Saddle point equations:

X = iﬁn(2v2+ T M-V TOTE), Ve Y° = vaxX.

Construction of the corresponding counterterms is obvious
The gap equation for the determination of M?:

X =i /%/7(2\/2 +T5),  Mv=h.
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From U(n) x U(n) to O(N)

Determinant equations for the dispersion relations of scalar
excitations (I the pion bubble):

1

Yoo K= M Ay
i TR TTE L o m)

1
1- (gl + g2)’7r7r(k7 M) '

XY%%: k%= M2+ 4(g +g)v?

Renormalisations characteristic for O(N) symmetric models:

1 1 1 div 1 — 1 _ Idiv
(g1+&)r &+g ™

Scalar masses selfconsistently larger than pseudoscalar’s.
Retain N = n?-vector pions and the SB-agent s°:
O(N)-model for mesons + Yukawa coupling to the quarks
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Selfconsistent fermion propagator
Counterterm construction

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalised QuarkNLO Approximation

Slightly modified notations with N,? =N, N> g1+, 0« s
L = Loy + Ly,
1 1
LO(N) = 5((9”0')2 + E(auﬂ'a)z

1 a a
_§m2(02 + (7'(' )2) _ m(02 + (7'(' )2)2 _ h\/NO’,

Ly = (70" 0 () = =B(lo(x) + iV 2Nes T*r ()] ().
VN
ChSB: ¢ — o ++/Nv — constituent quark mass: gv
Single auxiliary field: « ~ 02 4 (77)?
Free propagators

iD; (k) = k* —m® +ic, Dyt (k) = 5,k" — gv
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Selfconsistent fermion propagator
Counterterm construction

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalised QuarkNLO Approximation

O(1/v/N) accurate effective potential
for the 1- and 2-point Dyson-Schwinger equations

Viv,a, Gr, Gy] = %(m2 —iQ)Nv? + %oﬂ + hNv
5N [ (0 6710)+ D (WG (k)
—i—iNfNC/ktrD(ln G, (k) + D (k) Gy (k)
—;gQNch/p/q/rtro(msGw(p)%Gw(q))Gw(r)
X Frpi(rsp, @)0(r +p —q)

Classical 7)1 vertex: me-,(r, p,q) = 1 breaks chiral WI
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Selfconsistent fermion propagator
Counterterm construction

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalised QuarkNLO Approximation

N N
0 = %a iz (v2 +/I(D7r(k)>

- [ D206) [ 110 (sGulpsGule + o).

0 =(m?—ia)Nv+ Nh— g/\/f/vc/ trp Gy (k),
k

0 =2 (670 - D7 (k)

g° Ny
NEDE [ 110 (15Gu(psGulk + ).
P

0 = 6;1(k) = D (k) + & [ 156u(p)1sDulk ~ p).
P
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Selfconsistent fermion propagator
Counterterm construction

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalised QuarkNLO Approximation

Parametrisation: iGJl(k) = 7, k" S1(k?) — gvSa(K?).
diG ;!
Normalisation: iGJl(k =0) = —gv, (;Ttﬁ o=

Renormalised equations:

o K2dS((K2) g2 S1(p?)
Sk + 52 =1- 2/pp2512(P2) — (gv)2S3(p?)
[ p(k + p) _ P’ ]
((k—l—P)2 - /\//2)2 (p2 _ M2)2 )
2 — 12 $2(p?)
S0 =1 | e )

1 1
X{(k+p>2—M2‘p2—M2]'
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Selfconsistent fermion propagator
Counterterm construction

R li kNLO A i i - :
enormalised Quar O Approximation Ad hoc enforcing Goldstone’s theorem

Approximate numerical solution

Wick rotation & Euclidean angular integration:

1 , g2 0 p3 51(P2)
Si(kE) + Zk2S;(kE) =1 — / d, E-""E
W)+ ke ) =1 =367 |, PELESI00) + (v PSR
PE (VA1 (VA= 1)*(ke + pe)® + M
(P +M2)2 ak2\/A 16k2p2v/A
2

> £52(PE)

K2 :1—g/ d PE>2'PE
S2ke) =1= g3 | WPE 2 6202) 1 (gv)252(2)
1 (VA 1(ke + pe)? + MY

Pz + M2 4kZp2

9

(ke — pe)® + M?

(ke + pe)? + M?
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Selfconsistent fermion propagator
Counterterm construction

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalised QuarkNLO Approximation

For the SPE and EoS one needs:

— Numerical solution for arbitrary v

— Asymptotic behavior for renormalising the fermion tadpole and
bubble! (strict 2PI: Reinosa (2006))

Exact equations

dS; 2 rke S
5 4t kE _,_ .8 / pPeS1

dke 1672 Ep,2:-512 + mi522’

2 ke S 1 1
g PE>2
5221—/ dPE<—>-
812 J, p2S2 + mi)Sz2 pz k2
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Selfconsistent fermion propagator

Renormalised QuarkNLO Approximation PR e UG

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Search for the asymptotic solution when k >> m,, = gv

m2
Si.a ~ " log (ke /)] + 3 S| [los (ke /)]

The leading asymptotic equations:

5O

0 X
as® 4 1dASY e / dy———, ASY =
1 4  dx 1672 X0 1 +A51(0)7
ke o 5(0) 2
SO _ & [Fdp S (1 P — log (kg /1),
2 8 p (5](-0))2 k2 )’ X Og( E/:u)
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Selfconsistent fermion propagator
Counterterm construction

R lised kNLO A i i - :
enormalised Quar O Approximation Ad hoc enforcing Goldstone’s theorem

Approximate numerical solution

Counterterm function renormalising the EoS (quark-tadpole)

N o, N o,
0Ver1 = 25m v —1—24(5)\v,
2 (0) (0)
VN Ji\ k2(5;7)2 + M3 (K2(S1”)2 + M3)?
N g'Ne [ [SPesOs{Y 4 (509)?) + 55
24 VIV Ik (k2(S{"))2 + M3)? |
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Selfconsistent fermion propagator
Counterterm construction

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalised QuarkNLO Approximation

Counterterm functional renormalising the pion propagator
(quark bubble):

5\/Ct,2 = /( k262+5 522 V2> Gﬂ'(k)7
(512
67 = :
f K (k2(S{)? + M3)?
5 2 _4g2NC 1 + Mg
M= VN k2(5(0))2+l\/12 (kQ(S(O))2+M2)2
1 0 1 0
B g'Ne [250s0Y 4 (s
24 VIV e (k2 (s{7)2 + MgY

— , Back-reaction” on EoS (with M2, = 0) modifies only §m?!
— dm? % 0m3, 0\ # 6o reflects violation of WI.
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Selfconsistent fermion propagator
Counterterm construction

R lised kNLO A i i - :
enormalised Quar O Approximation Ad hoc enforcing Goldstone’s theorem

Approximate numerical solution

Counterterm function renormalising the saddle point equation:

3N, . N[, i iN [ 17, &Ne_r
= “—(—ia) - = — - 5 |M* - Bl (k
o = Ntia-g (7 [55) - [ M- et

Byy = _i\/ptrD[fY5G7,Z)(p)’Y5G’¢l(k - p)

Overall divergence of the second integral arises from ~ M? and the
part of the renormalised fermion bubble integrals ~ Ak? + B(gv)?
Corresponding counterterm expression: ~ dksa + 0kqy V>

»Back reaction” on EoS: — 20k, v
At LO oo = —im? — mere modification of §m? in EoS.

The quark-meson model is renormalised consistently in the
chiral limit at NLO
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Selfconsistent fermion propagator
. . . Counterterm construction
Renormalised QuarkNLO Approximation N ,
Q PP Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

The problem:

[ 2 e
ﬁvriauﬂz(o’pap) = iT [’75,IG¢1(P)]+,

Fﬁzﬁbqﬁ_ﬁ(ovkﬁk) = 52(/()

Ch_ e gl S»(k)
. VN i K2S7(k) — ()2 S3 ()
g F_,z(0, k, k
_icTl0) = mp- e (0 ki )

VN Ji k2S5t (k) — (v)?S3 (k)

Non-perturbative renormalisation of the ad hoc modified theory

(e-g- Fryp(p, ki k+ p) = Sa(k)) can proceed along the same lines
as above.
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Selfconsistent fermion propagator
. . . Counterterm construction
Renormali rkNLO Approximation : g
enormalised Qua O Approximatio Ad hoc enforcing Goldstone’s theorem

Approximate numerical solution

/GJ1 —  tree level D,l;l = k" — gv

Chiral limit: Jakovac et al. (2004)

Physical pion + Polyakov-background:
Marké & Szép (in preparation)
oV 0Dy,
. X : 0
()Gl/) Gy=Dy, ov ?é
— Evaluation of quark tadpole and quark bubble provides explicit

counterterms

— Extra contributions to EoS:
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Selfconsistent fermion propagator
Counterterm construction

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalised QuarkNLO Approximation

N ,
Vi = > (5 ()\> o? + dka + éNéf@aavz

6 1 . .2 5 i
0 = (A—I—(S()\))loa—l—l5/<;1+v(1+6/<aa)+/k2 2
2g N [ 2T} —k*If (k)

SR

TwF, I¢F(k): finite parts of the bosonic tadpole and bubble with my,
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Selfconsistent fermion propagator
- . . terter tructi
Renormalised QuarkNLO Approximation (CREEiiaim CETEUGHeT

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalisation conditions:

1 0 28" Ne (1
5<A> = 7O, k= NfCTf,)
or = TP = @VNNTED - 2 (m — M) T
Cut-off integrals:
1 1
T(z)—// , T(O)—// ,
d k2 — M2 d K (K2 — M32)2

k2 k|2
Tc(l27l) = / 22 1N | ’2a
1672 J, (k2 — M2)2 " 2M,

0 0

] 1 e|k|?
T(o,/):// |

d T2 ) (k- MDZ " MZ
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Selfconsistent fermion propagator
. . . Counterterm construction
Renormali rkNLO Approximation : g
enormalised Qua O Approximatio Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

2
iG-H(k) = k2 < 2%’6/5(@)—/\//% N Tr,

N
Vi = — / (SZk2 dm? + iadkg + 5I€VV2)G7r(k)

g2N: 4g2N,

28 Nero 52—
VN ¢

. (TP — M3TY)
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Selfconsistent fermion propagator
Counterterm construction

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalised QuarkNLO Approximation

—hN = Nv(m2—|—5m%—ia(1+5/@a))+5/ﬁ4v3—Nvém\,/Dﬂ(k)
k

—\FNNc(g—Fég)/ktrDDw(k).

B 4N g*
VN

Contradictory renormalisation conditions:

5g =0, Ora T 6m3 = 6k (T + (m* — M) Ty
Oka = 0Ky T((jo)’ ok, =0

The contribution from 6V /§G does not modify the conclusion:
O(g*) violation of renormalisability if Dy, is used.

Andras Patkés with G. Fejds, I. Szécsényi and Zs. Szép



Selfconsistent fermion propagator
. . . Counterterm construction
Renormali rkNLO Approximation : g
enormalised Qua O Approximatio Ad hoc enforcing Goldstone’s theorem

Approximate numerical solution

Conjectured renormalisation by including O(g*) contributions to
the pion propagator and EoS:

Regularized equations at finite T and pg are used to explore phase
structure of the model at v'N = 2.
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Selfconsistent fermion propagator
Counterterm construction

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalised QuarkNLO Approximation

o N =2 pion propagator iG; (k) = k? — M2

2, M2 =M M2 - S NTF

0.07
0.06 | A=400 1
0.05 r 1
3 004¢ 1
Q, CEP
— 003} 1
0.02 |
— crossover
0.01 - — 1% order 1
— splnodal
O 96 0.965 0.97 0.975 O. 98 0.985 0. 99 0.995

ug [GeV]
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Selfconsistent fermion propagator
Counterterm construction

Ad hoc enforcing Goldstone’s theorem
Approximate numerical solution

Renormalised QuarkNLO Approximation

o N =2 pion propagator iG; (k) = k? — M2

b., M2 = M2[M2] — 4ENeTF | 2Mag® )

VN VN
0.07
0.06 A=400 1
0.05 r 1
g 0.04 - CEP 1
9,
— 003} 1
0.02 |
— crossover
0.01 - — 1% order 1
— splnodal
096 0.965 0.97 0.975 0.98 0.985 0.99 0.995

ug [GeV]
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Renormalised MesonNLO Approximation

G: propagator matrix of the coupled o — « sector
3N 02
o

(N —1) (In G; (k) + D1 (k) Gr(k)) + TrInG (k)

Via, v, G, G| = (m2 — i) Nv? 4 =

_i/
2 J

+Tr (D (K)G(K))

AL

+2Ga0(P) Goo (k) Goalp + k)

2a(K) (N = 1)Gx(p) G(p + k) + Goo(P)Goo (p + K))

+ ety v, G, G).
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Renormalised MesonNLO Approximation

LO propagator expressions/relations are exploited!
Pion propagator:
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Renormalised MesonNLO Approximation

Renormalisation of the saddle point equation

0 - 3’4\’@_;< /G > /(Gw(k)—G,r(k))

N
tig [T + (M2 = M) TP |

)\2
—ETd < /G >+ct.

In RED: ,,back-reaction” of the counterterms relaed to G; and EoS
Consistently cancelled by part of the NLO-divergences

Only a-dependent counterterm is generated by the saddle point
equation: V[al.
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Renormalised MesonNLO Approximation

1
Vetela, v, G, Gl = 5 ((Sm2 — iéga) V2 + idk1a + dKoal

+ 1(5m2iéga)/Gﬂ(k)+15/<;o/Gaa(k)
2 K 2 K

Remarkable:

6 6 4 6 N+8_(0), ,A 01 A _(0) A
LTS PRy (ONT Ay SCON S TRAY o .
e ATty T 2y T te'd a2

Details: G. Fejés, A.P,. Zs. Szép: PRD80 025015
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Conclusions

o It is relatively easy to regularize (partially) resummed
perturbative series

@ Renormalisation is harder: both renormalisable and
(consistently) non-renormalisable approximations to the
quark-meson effective model were presented

@ Only renormalised approximations merit comparison with
results of other (mostly lattice field theoretical) approaches
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