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The metric is (1,−1,−1,−1) and the units are h̄ = c = 1. The problem
set is four pages. Useful formulas are listed at the end. Read carefully. Viel
Glück!

Problem 1

The Lagrangian for a complex scalar field with mass m and charge q coupled
to an electromagnetic field is

L = (DµΦ)∗(DµΦ) −m2Φ∗Φ −
1

4
FµνF

µν .

1) Show that the equation of motion for Φ∗ is

[

DµD
µ +m2

]

Φ = 0 .
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In the following we will consider a single particle in two spatial dimen-
sions with charge q in an external field given by the vector potential Aµ =
(0,−By, 0, 0), where B is a constant.

2) Calculate the electric and magnetic fields E and B .

3) Show that the Hamiltonian density can be written as

H = (∂0Φ)∗ (∂0Φ) + [(∂x − iqBy)Φ∗] [(∂x + iqBy)Φ] + (∂yΦ)∗ (∂yΦ)

+m2Φ∗Φ +
1

2
B2 .

Is H Lorentz invariant?

4) The eigenfunctions of the equation of motion can be written as as

Φ = e−i(Et−pxx)f(y) ,

where E is the energy of the state and px is the x-component of the momen-
tum. Show by substition into the equation of motion that f(y) satisfies

[

−
d2

dy2
−E2 +m2 + (px − qBy)2

]

f(y) = 0 .

Use this to compute the spectrum, i.e. find the energy eigenvalues E. Hint:
Harmonic oscillator.

Problem 2

Consider a dilute Bose gas at zero temperature. Let ap be the annihilation
operator for a particle with momentum p and a†p be a creation operator for
a particle with momentum p. The Bogolibov transformation is given by

a†p = upb
†
p + v−pb−p

ap = upbp + v−pb
†
−p .

Note that the coefficients up and v−p are real.

1) Find the relation that up and v−p must satisfy if we demand that the
quasiparticle operators bp and b†p satisfy the standard commutation relations

[bp, b
†
k] = δp,k ,

and all other commutators vanish.
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2) The interacting ground state of the Bose gas is denoted by |Φ〉. Calculate
the average

〈apa
†
p〉 = 〈Φ|apa

†
p|Φ〉 .

3) Explain briefly condensate depletion in the context of Bose-Einstein con-
densation.

Problem 3

Consider a weakly interacting Bose gas with action

S =
∫

dt d3x
[

iψ†(x, t)∂0ψ(x, t) + µψ†(x, t)ψ(x, t) −
1

2m
∇ψ†(x, t) · ∇ψ(x, t)

−
1

2
g

(

ψ†(x, t)ψ(x, t)
)2

]

,

where ψ is a complex bosonic field, µ is the chemical potential, and g =
4πa/m, where m is the mass of the boson and a is the scattering length. We
write the complex field ψ in polar form

ψ(x, t) =
√

σ(x, t)eiφ(x,t) ,

where σ is the density operator ψ†ψ and φ is the phase of ψ. At T = 0,
the system is in a Bose-Einstein condensed phase and we denote by ρ0 the
magntitude of the condensate. We must then replace σ by ρ0 + σ̃, where σ̃
is a quantum fluctuating field. Inserting the polar parametrization of ψ into
the action, one finds

S =
∫

dt d3x

{

−(ρ0 + σ̃)∂0φ−
1

2m

[

(ρ0 + σ̃)(∇φ)2 +
(∇σ̃)2

4(ρ0 + σ̃)

]

+µ(ρ0 + σ̃) −
1

2
g(ρ0 + σ̃)2

}

,

where we have omitted a total divergence. In the following, we assume that
density fluctuations are small compared to ρ0 and so we can make a Taylor
expansion of 1/4(ρ0 + σ̃) in the action. This yields

S =
∫

dt d3x

{

−(ρ0 + σ̃)∂0φ−
1

2m

[

(ρ0 + σ̃)(∇φ)2 +
(∇σ̃)2

4ρ0
+ ...

]

+µ(ρ0 + σ̃) −
1

2
g(ρ0 + σ̃)2

}

,

where the dots indicate terms that are higher-order σ̃.

1) Show that the equation of motion for σ̃ can be written as

σ̃ = −
1

g

[

∂0φ+
1

2m
(∇φ)2 − A∇2σ̃

]

.
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and determine the coefficient A. Hint: Use µ = gρ0.

2) The equation of motion for σ̃ can be solved by iteration. As a first ap-
proximation we therefore set A = 0. Use its equation of motion to eliminate
σ̃ from the action and show that we can write

S =
∫

dt d3x

{

B
[

∂0φ+
1

2m
(∇φ)2

]

+ C
[

∂0φ+
1

2m
(∇φ)2

]2

+ ...

}

,

and determine the coefficients B and C.

3) A Galilean transformation is defined by

x′ = x − vt ,

t′ = t ,

where v is the velocity of the frame S ′ with respect to the frame S. The
various derivatives of the phase transform as

∇φ → ∇φ+mv ,

∂0φ → ∂0φ− v · ∇φ−
1

2
mv2 .

Is the action for the phase invariant under Galilean transformations?

4) Find the propagator for the field φ.

5) Find the spectrum and comment on the result.

————————————————————————————————

Useful formulas

HMaxwell =
1

2
(E2 + B2) ,

Dµ = ∂µ + iqAµ ,

Fµν = ∂µAν − ∂νAµ .
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